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Abstract 

The relativistic two-particle quantum mixtures are studied from the topological 
point of view. The mixture field variables can be transformed in such a way that 
a kinematical decoupling of both particle degrees of freedom takes place with a 
residual coupling of purely algebraic nature ( "exchange coupling" ) . Both separated 
sets of particle variables induce a certain map of space-time onto the corresponding 
"exchange groups", i.e. SU(2) and SU(1,1), so that for the compact case (SU(2)) 
there arises a pair of winding numbers, either odd or even, which are a topological 
characteristic of the two-particle Hamiltonian. 
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I Introduction 



Many of the great successes of modern field theory, classical and quantum, are un- 
doubtedly due to the use of topological methods. Indeed, these methods did not only help 
classifying and subdividing the set of solutions of the field equations, as e.g. in monopole 
PP and instanton (21 E| theory, but they also generated unexpected new relationships be- 
tween apparently unrelated branches in particle theory; e.g. it has been observed within 
the framework of the string theories that the Chern-Simons theory, as a quantum field 
theory in three dimensions, is intimately related to the invariants of knots and links |EJ Ej 
which first had been discussed from a purely mathematical point of view 6J. The list of 
examples of a fruitful cooperation of topology and physics could easily be continued but 
may be sufficient here in order to demonstrate the significance of topological investigations 
of physical theories. 

The present paper is also concerned with such a topological goal, namely to elaborate 
the topological invariants which are encoded into the Hamiltonian of the C 2 realization 
of Relativistic Schrddinger Theory (RST), a recently established alternative approach to 
relativistic many-particle quantum mechanics [II El El (for a critical discussion of some of 
the deficiencies of the conventional Bethe-Salpeter equation see ref. JHl)- The present new 
approach works for an arbitrary number of scalar [H] and spin particles [H], but for the 
present purposes we restrict ourselves to a scalar two-particle system which requires the 
C 2 realization of RST. This means that the RST wave functions ty(x) constitute a section 
of a complex vector-bundle over space-time as the base space and the two-dimensional 
complex plane C 2 as the typical fibre. Such a construction clearly displays the main 
difference to the conventional approach where the Hilbert space of a two-particle system 
is taken as the tensor product of the one-particle spaces, whereas in RST one takes the 
Whitney sum of the single-particle bundles. Thus the latter construction suggests a fluid- 
dynamic interpretation of the formalism in contrast to the conventional approach whose 
tensor-product construction rather meets with Born's probabilistic interpretation. 

Now it should be evident that such differences in the mathematical formalism neces- 
sarily will imply also different descriptions of the physical phenomena. For the present 
topological context, the phenomenon of entanglement becomes important. In the conven- 
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tional theory, an entangled TV-particle system requires the use of either the symmetric 
or anti-symmetric wave functions ty±( X ^ . X 2 j • • * X yi ), see e.g. equation (jlll.3|) below. For 
the relativisitic treatment, this automatically would introduce iV time variables x\...x° N 
for such a quantum state ^± which makes its physical interpretation somewhat obscure 
(however in the non-relativistic limit, there are no such problems and one may interpret 
the (anti-)symmetrization postulate simply as a modification of the topology of the con- 
figuration space Naturally, for the Whitney sum construction such a process of 
(anti-)symmetrization is not feasible because the iV-particle wave function ^{x) remains 
an object defined at any event x of the underlying space-time. Consequently the conven- 
tional matter dichotomy of (anti-)symmetric states must be incorporated into RST in a 
different way, namely in form of the positive and negative mixtures. It has already been 
observed that the physical properties of positive RST mixtures resemble the symmetrized 
states of the conventional theory whereas the negative mixtures appear as the RST coun- 
terpart of the anti-symmetrized conventional states [T^j. Thus, in view of such a physical 
and mathematical dichotomy of the RST solutions, one naturally asks whether perhaps 
those positive and negative RST mixtures carry different topological features in analogy 
to the topological modification of the conventional configuration space [T2j . 

Subsequently these questions are studied in detail and the results are the following: 
the positive mixtures carry a pair of topological quantum numbers ( "winding numbers" ) 
which are either even or odd, whereas the negative mixtures have always trivial winding 
numbers. This comes about because the positive mixtures induce a map from space- 
time onto the (compact) group £77(2) whereas the corresponding map of the negative 
mixtures refers to the (non-compact) group 577(1, 1). Clearly the winding number of 
negative mixtures, as the value of the pullback of the invariant volume form over £{7(1, 1) 
upon some three-cycle C 3 of space-time, must necessarily produce a trivial result; whereas 
for the compact case SU(2) one observes the emergence of a pair of even or odd winding 
numbers. 

The procedure to obtain these results is the following: In Sect. II, the general theory 
is briefly sketched for the sake of sufficient self- containment of the paper. Sect. Ill then 
presents the specialization of the general formalism to the two-particle case to be treated 
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during the remainder of the paper. Here, the emphasis lies on the right parametrization of 
the theory: it is true, the wave function parametrization reveals the fact that the general 
two-particle mixture may be described in terms of four single-particle Klein-Gordon wave 
functions {ipi, ip2] 0i, 4*2} cf. equations (jIII.35|) . These four wave functions undergo (2+2)- 
pairing such that either pair {ijji, 0i} and {ip2, ^2} builds up a four-current ji^ipi, <fii} 
and j2n[^2] ^2] as the sources of some vector potential A2 ii and which then enters the 
covariant derivatives for the members of the other pair, (1111.3 111 - (1111.321) . However such 
a wave function parametrization is extremely ineffective for the purpose of detecting the 
topological peculiarities of the theory, and therefore one resorts to the parametrization 
in terms of exchange fields. The point here is that either of the two particle degrees of 
freedom can be equipped by its own triplet of exchange fields {X a ^, T afJi , A afl } (a = 1, 2) so 
that the corresponding dynamical equations become decoupled, see the source equations 
(1111.24)1 and the curl equations 1)111.13)1 . The entanglement of both particles arises now as 
an algebraic constraint upon the two sets of exchange fields, cf. (jIII.19|) - (jIII.20)l . 

The advantage of such a parametrization in terms of exchange fields is made evident in 
Sect. IV, where the curl equations for the exchange fields are identified with the Maurer- 
Cartan structure equations over the "exchange groups" , namely the compact SO (3) for the 
positive mixtures and the non-compact SO(l,2) for the negative mixtures. Consequently 
the RST exchange fields can be thought to be generated by some map from space-time to 
the corresponding exchange group so that their curl equations (Jill. 13)) are automatically 
satisfied and it remains to obey the source equations f)III.24|) together with the exchange 
coupling conditions (jIII.14)) - ()III.15)) . The latter condition can be satisfied by coupling the 
group elements Q a for both particles (a = 1,2) in the right way. For this purpose one 
has to look for a convenient parametrization of the exchange groups so that the exchange 
coupling condition adopts a simple form in terms of the selected group parameters. In 
this context, the optimal parametrization is achieved in terms of the well-known Euler 
angles {71, 72, 73} relative to which the exchange coupling condition is expressed in an 
almost trivial way, cf. equation (jIV.28|) . 

However for the purpose of attaining a concrete geometric picture of the emergence of 
topological quantum numbers (Sect. V), it is more instructive to resort to the universal 
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covering groups, i.e. SU{2) for the positive mixtures (and SU(1,1) for the negative 
mixtures). The reason is that the group SU(2) is topologically equivalent to the 3- 
sphere S 3 and therefore also to the 3-cycles C 3 of space-time. On the other hand, both 
sets of exchange fields induce a map G a (x) from space-time into the exchange group, i.e. 
SU(2) ~ S 3 for the positive mixtures, and thereby associate two winding numbers Z( a ) 
(a = 1,2) ()V.13j) to any three-cycle C 3 as the number of times this cycle is wound onto 
the exchange group. Since the exchange fields are constituents of the Hamiltonian 7i M , 
the pair of winding numbers are a topological characteristic of the Hamiltonian. 
As expected, the exchange coupling condition between both particle degrees of freedom 
should establish some correlation between the winding numbers, but this correlation turns 
out to be so weak that it simply results in the property of both winding numbers being 
either odd or even. As an example of a non-trivial exchange field configuration, with unit 
winding numbers, the method of stereographic projection is applied (Sect. VI) which 
compactifies the Euclidean 3-space E 3 (as a time-slice of space-time) to S 3 by one-point 
compactification. 

II General RST Dynamics 

One of the crucial points for the subsequent topological discussions refers to an ade- 
quate parametrization of the RST field system. The reason for this is that the topological 
characteristics of the solutions become manifest only through an adequate choice of the 
field variables, whereas the general RST dynamics (in operator form) does itself not sug- 
gest such a preferred choice. Therefore we briefly list the key features of the general RST 
dynamics and then concentrate upon a certain parametrization being most helpful for the 
present topological purposes. 

II. 1 Matter Dynamics 

The basic building blocks of the theory consist of (i) the matter dynamics, (ii) Hamil- 
tonian dynamics, and (iii) gauge field dynamics |SJ. Restricting ourselves here to a system 
of N scalar particles, one uses an iV-component wave function \1/ when the particles are 
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"disentangled" but one resorts to an Hermitian N x N matrix X for the "entangled" (i.e. 
mixture) situation. The motion of matter is then governed by the Relativistic Schrodinger 
Equation (RSE) for the wave function \1> 

ihcVfl = H li -V , (n.i) 
or by the Relativistic von Neumann Equation (RNE) for the "intensity matix" X 

v^i = ^-[i-n ll -n fl -i] , (u.2) 

which constitutes the "matter dynamics" . The wave functions ^( x ), to be considered as 
sections of an appropriate (complex) vector bundle over pseudo-Riemannian space-time as 
the base space, describe a pure RST state of the N-particle system; whereas the intensity 
matrix X, as an operator- valued bundle section, is to be used for a mixture configuration. 
Clearly, the pure states can also be considered as a special kind of mixture, for which the 
intensity matrix X then degenerates to a simple tensor product 

X=^#®t. (II.3) 

Obviously, for such a degenerate situation, the intensity matrix X must obey the Fierz 
identity |S J 

X 2 - p ■ X = (II.4) 
where the scalar density p is given by the trace of X 

p = trX. (II.5) 

II. 2 Hamiltonian Dynamics 

The Hamiltonian Ti^, emerging in the matter dynamics (jII.l)) - (|II.2|) . is itself a (non- 
Hermitian) dynamical object of the theory and therefore must be determined from its 
own field equations ("Hamiltonian dynamics"), namely from the integrability condition 



and the conservation equation 



% .... , , fMc x 2 



V»H» - j-H» ■ H» = ^hc I — ) . (II.7) 



Here, the first equation (|H.6|) guarantees the (local) existence of solutions for the matter 
dynamics (jll.l|) - (jll.2j) via the bundle identities for \1/ 

[V„V V - V V V^ ¥ = • (II.8) 

or for X, resp. 

[V„V V - V V V^\ X = [T^X\ . (11.9) 

The meaning of the second equation (jll.7|) refers to the validity of certain conservation 
laws, such as charge conservation to be expressed in terms of the current operator 

W M = 0, (11.10) 

or energy-momentum conservation to be written in terms of the energy-momentum oper- 



ator as 



p%„ + ^[n" ■ - % v ■ w\ = o . (ii.ii) 



II. 3 Gauge Field Dynamics 

The third building block of the RST dynamics refers to the gauge field ( "bundle 
curvature" ) which is defined in terms of the gauge potential A^ ( "bundle connection" ) as 
usual 

J> = V M A - V V A„ + [A„ A v ] . (11.12) 

The gauge potentials are Lie-algebra valued 1-forms over space-time and do also enter the 
gauge-covariant derivative V in the usual way, i.e. for the wave functions \I/ 

Vfl^dpV + Af* , (11.13) 
or similarly for the operators such as the intensity matrix X 

p M x = a M x + [^,x] (ii.i4) 

or the field strength T^y 

2V> = VxF^ + [A x , J>] ■ (11.15) 
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Now in order to close the RST dynamics for the operators, one has to specify some 
dynamical equations for the gauge field T^ v . Here, our nearby choice is the (non-abelian 
generalization of) Maxwell's equation 

W>, = 47ra*X, (11.16) 

(a* = coupling constant). 
This is surely a consistent choice because the generally valid bundle identity 

V^V V T„ V = (11.17) 

immediately implies the charge conservation law 10)1 which is independently implied 
by the RST dynamics itself. In order to see this in some more detail, one first decomposes 
the Lie-algebra valued objects whith respect to the (anti-Hermitian) generators r a of the 
gauge group 

A„ = A afl r a (II. 18a) 

F^ = F a ^ u T a (II.18b) 

J» = ja»T a . (II. 18c) 

Then one defines the current densities j afl in terms of velocity operators v afl through 

j aAt = tr(J • *v) (11.19) 
where the velocity operators read in terms of the Hamiltonian Jt^ 

ItlC — 

v afl = ( 7~Lfi (Me 2 )' 1 -r a + r a - (Mc 2 )- 1 ■ H,) . (11.20) 
By this arrangement, the charge conservation law (jll.lOJ) reads in component form 

D^jan = (11.21) 

with the gauge covariant derivatives being defined in terms of the structure constants C bc a 
of the gauge group through: 

D^j av = V^jau + C bc a A bflJcu (11.22) 
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( [r a ,r b ] = C ab c r c ). 

However the continuity equations ()11.21|) are found to be guaranteed just by the mat- 
ter dynamics (jll.2|) together with the RST conservation equation (jll.7|) where the mass 
operator M. is assumed to be covariantly constant 

V^M = Q. (11.23) 

A similar result does also apply to the energy-momentum conservation which 
in the presence of gauge interactions (as source of energy-momentum) must be generalized 
to 

+ T ^ " TfW ' W] = f " ' (IL24) 

Defining here the energy-momentum operator of the scalar RST matter through [Hj 

% v = l - {n^ ■ (Mc 2 )- 1 -n u + n u - (Mc 2 )- 1 ■ - 9liu [n x ■ (Mc 2 )- 1 ■ n x - Mc 2 }} , 

(11.25) 

one finds for the " force operator" f„ 

f„ = ^ [H" ■ {Mc 2 )' 1 ■ T» v + T» v ■ (Mc 2 )- 1 ■ W\ . (11.26) 

Now one can introduce the "energy-momentum density" T^ IV of the RST matter through 

T^=tr(X-T^) (11.27) 

the source of which is given by the "Lorentz force density 11 f v 

f v = tv (J- f„) = hcF a ^ . (11.28) 

Clearly if no gauge fields are present (F ativ = 0), the force density f u vanishes and the 
RST matter system is closed 

VT^ = . (11.29) 

For non-trivial gauge interactions one can add their energy- momentum density to that of 
the RST matter and then one also has the closedness relation (jll.29|) for the total system 
consisting of RST matter and gauge fields [H|. 

In this way, a logically consistent dynamical system for elementary matter has been 
set up which automatically implies the most significant conservation laws (namely for 
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charge and energy-momentum). However, beyond these pleasant features of the theory, 
the corresponding solutions carry a non-trivial topology which is not less interesting than 
their physical implications. This will be demonstrated now for the two-particle systems. 



Ill Two-Particle Systems 

Once the general RST dynamics has been set up in abstract form, its concrete re- 
alizations must be adapted to the spin type and number iV of particles as well as to 
the gauge type of interactions among those particles. The most simple realization is the 
(^-realization with electromagnetic interactions which is equivalent to the conventional 
one-particle Klein-Gordon theory [14]. The next complicated case is the R 2 -realization 
which may be understood as a kind of embedding theory for the (^-realization so that 
a point particle becomes equipped with additional structure [T3]. Then comes the de- 
realization which is adequate for describing systems of two scalar particles, either acted 
upon by the weak ^H] or electromagnetic interactions [8|. The highest-order realization, 
which has been considered up to now, is the C 4 -realization for a Dirac electron subjected 
to the gravitational interactions ^7] . 

III.l Mixtures and Pure States 

In the present paper we want to study the topological features of scalar two-particle 
systems with electromagnetic interactions. This means that we have to evoke the de- 
realization of RST where the typical vector fibre for the wave functions \I/ is the two- 
dimensional complex space C 2 such that \l/ becomes a two-component wave function 



Such a field configuration is considered as the RST counterpart of the simple product 
states of the conventional quantum theory: 




(III.l) 



* (1,2) = * (1) ® *(2) • 



(III.2) 
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The entangled states of the conventional theory, either symmetrized or anti-symmetrized 

#±(1,2) = ~T= (#1(1) ® #2(2) ± #2(1) ® #1(2)) , (IH.3) 

V2 

have their RST counterparts as the positive and negative mixtures which must be de- 
scribed by an (Hermitian) intensity matrix X such that det X > for the positive mixtures 
and detX < for the negative mixtures. 

Quite analogously as in the conventional theory a superselection rule forbids the tran- 
sitions between the symmetric and the anti-symmetric states \I/±, the RST dynamics also 
implies such a superselection rule, namely by preserving the sign of detX jTH] - More 
concretely, the intensity matrix X (as any other operator such as Ti^, T^, etc.) may be 
decomposed with respect to a certain operator basis; this then yields the corresponding 
scalar densities p a , s a (a = 1,2) as the components of X. Choosing two orthogonal pro- 
jectors V a (a = 1,2) and two permutators n a (a = 1,2) as such an "orthogonal" operator 
basis for the present C 2 -realization 



V a -V b 


= Sab ■ V b 


(EI.4a) 


trV a 


= 1 


(III.4b) 




= 1 


(III.4c) 


{Ha,V a } 


= Il a , Va, b 


(III.4d) 


[V u IL a ] 


= -[V 2 ,U a ] =ie\Il b 


(III.4e) 


{n a ,n fe } 


= 25 ab ■ 1 


(III.4f) 


[n a ,n 6 ] 


= 2%t ab (Pi -V 2 ), 


(III.4g) 



the decomposition of the intensity matrix looks as follows 

X = Pa V a + l -s a W . (HI.5) 

(summation of indices in juxtaposition). 
Once the scalar densities for the two-particle systems have been defined now, one could 
convert the general RNE (jll.2|) into the corresponding field equations for p a , s a (jlll.5j) . For 
an analysis of these field equations it is very instructive to parametrize the four densities 
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Pa, Sa (a — 1,2) in terms of three renormalization factors {Z?, Zr, Zq} and an amplitude 
field L 



Pi + P2 =f p = Z T ■ L 2 (III. 6a) 

Pi - P2 = q = Z R ■ L 2 (III.6b) 

s = yf&T a = Z -L 2 . (III.6c) 

Here the amplitude field L emerges through the following observation: when the Hamil- 
tonian 7i M is decomposed into its Hermitian part ( "kinetic field" ) and ant i- Hermit ian 
part L M ( "localization field" ) according to 

W„ = hc{K.„ + iL^) , (LIU) 



then the integrability condition (jll.6j) says that the trace L M of the localization field L M 
has vanishing curl 

V M L, - V„L M = . (III.8) 
(L^ = trL M ). 

Therefore can be generated by some scalar amplitude field Lm through 

w = dj §- = 2 nr ' (IIL9) 

and it is just this amplitude field Lm (|III.9|) which has been used for the parametrization 
(1111.6)1 of the densities p a , s a . 

With this arrangement, the RNE ()H.2|) can be transcribed directly to the correspond- 
ing field equations for the renormalization factors {Zt, Zr, Zo} which then admit the 
following first integral 

Z 2 -{Z 2 R + Z 2 )=a,. (III. 10) 

Here the "mixture index" a* is an integration constant and thus subdivides the density 
configuration space into two parts: cr* = +1 for the positive mixtures and a* = — 1 for 
the negative mixtures; the intermediate value cr* = applies to the pure states which 
mark the border between the two types of mixtures, see fig. 1 . Observe here that these 
dynamically disconnected two types of RST mixtures (a* = ±1) are implied by the RST 
dynamics itself, whereas their conventional analogue (i.e. the interdiction of transitions 
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between the symmetric and anti-symmetric states) is an extra postulate which " cannot 
be deduced from the other principles of quantum mechanics" ^H] • in this sense, RST is of 
less postulative character than the conventional theory 

III. 2 Reparametrization 

As we shall readily see, the topological properties of the RST field configurations are 
rather encoded in the components of the Hamiltonian TC^, not in the densities p a , s a as 
the components of the intensity matrix X (1111.5)1 . Here it is important to remark that 
the Hamiltonian Tin decomposes into two conceptually different parts: the single-particle 
fields and the exchange fields. Naturally the single-particle constituent ^'H.^ of is 
obtained through projection by the single-particle projectors V a 

^H^Va-H^V* , (EI.11) 

whereas the exchange part < ^ v> 'H fl is the remainder 

^n^ = n^-^n lt . (111.12) 

Clearly, the entangling exchange interactions between the two particles are contained in 
the exchange constituent (jlll.l2j) whereas for a disentangled situation the Hamil- 

tonian Tin consists of the single-particle contribution alone. 

Now, as has been remarked expressly, the right parametrization of the RST field 
degrees of freedom is crucial for the detection of the topological characteristics. Here it 
has turned out very helpful to parametrize the exchange part ^ n - ) 7i M of the Hamiltonian 
(MI. 12)1 in a redundant way by six exchange fields {X afl , T afl , A aAt } (a = 1, 2) obeying the 
following curl equations [T3| 

V^X av - V u X a ^ = 2a* [A a ^T a „ - A a ,r aM ] (III. 13a) 

V„r a „ - V,r aM = 2 [X afM A au - X av A a ^\ (III.13b) 
V M A a „ - V,A aM = 2 [T afl X au - r a „X aiM ] . (III.13c) 

Clearly these curl equations are a direct consequence of the general integrability condition 
(|H.6j) . The redundancy of this parametrization is expressed by an algebraic constraint 
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upon the exchange fields which effectively reduces their number from six to four, namely 
for the positive mixtures (cr* = +1) 



X lfl = sinh P-F^ + cosh ■ T 2M (III. 14a) 

X 2ii = sinh $ ■ T 2M + cosh p-T llt , (III. 14b) 

and similarly for the negative mixtures (cr* = — 1) 

= cosh p ■ T lfM + sinh p ■ Y 2 ^ (III. 15a) 

X 2fl = cosh P ■ T 2M + sinh p-T lfM . (III. 15b) 

Here, the mixture variable P is merely a transformed version of the former variable A jH] 

i(l+tanh/3), a* = +1 



^l^l + coth^y <t* = -1. 



(111.16) 



It will readily become evident, in what way the newly introduced exchange triplets 
{X a ^ T afl , A afl } lead us directly to the topological properties of the exchange subsystem. 

In order to finally close the RST dynamics, we also have to specify the field equation 
for the mixture variable P ([III. 16)1 . or A resp. In the last end, the desired equation must 
be traced back to the RNE ()H.2j) since the mixture variables A (or P) have been defined 
in terms of the renormalization factor Zq (jlll.6b ) which is part of the overlap density s as 
a component of the intensity matrix X ()HI.5|) . Thus, if one follows the mixture variable 
through all its reparametrizations, one finally ends up with the following field equation 
for p: 

{2cosh/3(Ai At + A 2/ J; cr* = +1 
(111.17) 
2sinh/3(A lM + A 2M ); a, = -1 . 

Obviously this result identifies the sum of both exchange fields A lAt + A 2At as a gradient 
field 

V„(A lu + A 2u ) - V,(A lAt + A 2M ) = (III.18a) 

A lM + A 2fl = ^-o^e . (III. 18b) 
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This gradient property could also have been discovered by eliminating the mixture variable 
P from the link between both exchange fields X afl and T aAt (jlll.l4|) - (jlll.l5|) which yields 
two quadratic relations between these fields, namely a symmetric one 

+ a*X 2fM X 2u (111.19) 

and an anti-symmetric one 

XifjTiv — Xi v Yi^ = 



X 2fJ T 2l/ — X 2u T 2 fi 



(111.20) 



However this latter relation just implies the present gradient condition (jIII.18j) when the 
curl relations (jlll.l3b ) for the exchange fields A afl are observed. 

For specifying also the source equations for the exchange triplets {X afM , T afl , A aM } 
one has to observe their coupling to the single-particle subsystem which therefore must 
first be suitably parametrized. Such a parametrization is obtained by using a doublet of 

o 

"kinetic fields" Ka/i and "amplitude fields" L a which are required to obey the following 
"single particle dynamics" [13J 



V»Kav - = F aiLV (III.21a) 

+ X ail ) + 2L a (Ka M + X^) = (III.21b) 

r / Mc \ 2 ° ° r ^ 

□L a + L a |(^— J -( Ka + X a ^(Ka f " + X a ^)j =(J*L a {A aM A/ + r a/ ,r/} . (III.21c) 

Clearly these source equations are rigorously deducible again from the general conservation 
equation (jll.7|) which is the origin also for the two charge conservation laws (a = 1,2) 

V%, = , (111.22) 

following from the general source equations (111.21(1 for the present case of an abelian gauge 
group (i.e. U(l) x U(l)). The RST currents j afJi ((11.19(1 themselves read in terms of the 
single-particle variables 

3a» = ^ a 2 (ka» + X at ,) , (IH.23) 

where the squares of the amplitudes L a can be identified with the single-particle densities 
p a (HIES): L a 2 = p a . 
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Once an adequate parametrization of the single-particle subsystems has been achieved 
now, it becomes a straightforward matter to make explicit their coupling to the exchange 
fields {X afl , r ttM , A aM }: 

VX afl = -2L/X a „ - VX„ - 21/ Kan (III.24a) 
VT^ = -2r/L aAt - 2A/ Ka/x (III.24b) 
VA^ = -2A/L aM + 2r/ . (111.24c) 

These source equations are relevant for treating concrete physical problems (e.g. the He- 
lium problem [IB] ) but they are not needed for the deduction of the subsequent topological 
results which are based exclusively upon the curl equations of the exchange fields (jIII.13|) . 

III. 3 Average Exchange Fields 

An alternative way for the redundant description of a system, obeying some constraint 
in order to remove the redundancy, is to minimalize the number of dynamical variables so 
that no longer a constraint has to be imposed. Thus, for the present situation one intro- 
duces in place of the six exchange fields {X afl , T a ^, A afl } only three "average" exchange 
fields {X, f, A} 

X = X^x» (III.25a) 
f = (III.25b) 
A = A M dx M (III.25c) 

which are required to obey the curl equations 

dX = a,AAf (III.26a) 
df = X A A (III.26b) 
dA = -4X A f . (III.26c) 

Additionally, one introduces an arbitrary scalar field e(x) ("exchange angle") and if one 
builds up the original exchange fields {X a = X afJi idx^, f a = r aAt dx M , A a = A aAt dx M } by 
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means of these new variables according to (cr* = +1' 



X! = cos | • X + sin | • f (III.27a) 

fj = cos e - ■ I - sin e - ■ X (III.27b) 

Ai = ^{A + ide} (111.27c) 

X 2 = cos | ■ f + sin | ■ X (III.27d) 

f 2 = cos | • X - sin | ■ f (III.27e) 

A 2 = -i{A-^de}, (III.27f) 

then 6ot/i the curl equations (jlll.l3|) 

dX a = 2a,A a A f a (III.28a) 

df a = 2X a A A a (III.28b) 

dA a = 2F a A X a (III.28c) 

and the exchange constraints (|III.19jl - (|III.20|) are satisfied simultaneously! For the neg- 
ative mixtures (a* = — 1) a similar parametrization in terms of the average fields and 
exchange angle e is possible but this is not presented here on account of the topological 
trivialtity of the negative mixtures. 



III. 4 Wave Function Description 

Up to now, the RST field system has been parametrized by the Hamiltonian com- 
ponent fields and the densities as the components of the intensity matrix X. Such a 
parametrization is very helpful for deducing the subsequent topological results, however 
for practical purposes in view of the physical applications of the theory it is more conve- 
nient to parametrize the RST system by means of wave functions. Moreover the latter 
parametrization yields further insight into the relationship of the new theory with the 
conventional quantum theory which per se is based upon the concept of wave functions. 

In place of the densities p a , s a as the components of the intensity matrix X (jlll.5j) . 
the latter operator can also be parametrized in the general case by two two-particle wave 
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functions \I/ and $ of the kind II) : 

J = I U ^J (g) tj/ + Jl2* <S> $ + / 2 i$ ® * + -^22$ <8> $ • (III. 29) 

Here the constants J a b (a, 6 = 1,2) must form a Hermitian matrix X* (i.e. X* = X*) in 
order that the intensity matrix X be also Hermitian. The RNE (|11.2|) for the intensity 
matrix X is obeyed whenever either one of the two wave functions \l/ and $ obeys the 
RSE ffTTTj) 

iftc£>^ = (III.30a) 
zftcD M $ = ^$ . (III.30b) 

Here the covariant derivative (jII.13|) of the two-particle wave functions reads in compo- 
nents 

Vp$> = ( ) = ( B "' h - ' Al -^ I , (111.31) 

resp. for the second wave function $ 

V ^ = ( D ^\(^-' A ^ | _ (III . 32) 

\ D^(p 2 j \ 9^2 - iM^2 

where the gauge potential (jll. 18b ) has been decomposed with respect to the two 
U{1) x U{\) generators r a 

T a = -iP a • (HI.33) 

Observe here that the first components 4>i are acted upon by the first gauge potential 
Ai^ whereas the second potential A 2/i acts upon the second components ip2, 4>2- 

Now one can easily show by differentiating once more the RSE's (jIII.30j) and using the 
conservation equation (jll.7|) for the Hamiltonian Ti^ that the two-particle wave functions 
\l/ and $ must obey the Klein-Gordon equation (KGE) 

/A4c\ 2 

WV^V + (—) $ = (III.34a) 
/Mc\ 2 

VV^ + ^— J $ = . (III.34b) 
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In components, this result says that the general intensity matrix X is composed of four 
single-particle wave functions t/'i, ^2, 0i, 4>2 which obey the Klein-Gordon equations 

(III.35a) 

(III.35b) 

(III.35c) 

. (III.35d) 

Observe here that the first two equations (jl 1 1 . 3 5h ) - (|I 1 1 . 35b ) are governed by the gauge 
potential whereas the second half f)III.35b V f)III.35H ) is referred to the gauge potential 
A 2 ^. Thus the interactions in our two-particle mixture become fixed by specifying the 
way in which the potentials A a ^ (a = 1, 2) are tight up to the RST currents j a/1 , see below. 

It has been demonstrated that, in order to avoid unphysical self-interactions [B.J, the 
link between the potentials and currents must be made in such a way that the curvature 
Fi^ of the first particle couples to the second current ji^ 

= 47ra»j 2i , (111.36) 

and vice versa for the second curvature component 

V"F 2fMU = Ana^iu • (111.37) 

Thus it remains to be shown in what way both currents j afl (a = 1, 2) of the two-particle 
mixture are built up by the single-particle wave functions ip a , (fi a . However this connection 
between wave functions and currents has already been clarified by the former prescriptions 
flII.19|) - (jH.20|) : one simply has to insert there the present form of the intensity matrix I 
(1111.29!) in order to fi nd 

iPM4>*\ 

. (111.38) 



Jafi 



, h 

'2Mc 



;{ 


hi 




+ 


Il2 




+ 


hi 




+ 


h2 
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By prescribing special values to the constant matrix elements I a b (|III.29|) one can show 
that the conventional Hartree and Hartree-fock approaches just form the non-relativistic 
approximations of the present two-particle RST (see a separate paper). Obviously in this 
wave-function picture, the RST entanglement consists in the fact that the sources j afl of 
the field strengths F afll/ are a mixture of one-particle and interference currents. 

It is instructive also to observe the degeneration of the general intensity matrix X to 
its pure-state form (jll.3|) 

J ^ <g, (111.39) 

which is the tensor product of a two-particle state and its Hermitian conjugate \E f ' . 
Such a degeneration occurs when the constant matrix J* = {I a b} (|1H-29|) becomes itself 
degenerate, i.e 

det J, = I n I 22 - I 12 I 21 = . (111.40) 

For such a situation one can parametrize the four constant matrix elements I a b by two 
complex numbers p and b such that 

hl=fP h2 = b * P . (111.41) 

hi = P*b I 22 = b*b 

This arrangement gives rise to recollect the four Klein-Gordon states {ipi, ip 2 ; <pi, (p 2 } into 
only two pure one-particle states ip[, tp 2 according to 

= pip-L + bfa (III.42a) 
f 2 = P^2 + b(p 2 . (III.42b) 

The meaning of the new states (jIII.42|) is immediately evident by introducing the restricted 
form of the matrix Z* (jlll.41|) into the RST currents (jlll.38|) which yields 

h, fi, = ^^ ^c [rADM - (D^tW] (III.43a) 

=► 4 = «2^- [^{dM - (D,rM ■ (IIL43b) 
IV Maurer-Cartan Forms 

The curl relations (jIII.28)) for the single-particle exchange fields {X a , f a , A a }, as 
well as the curl equations for the average exchange fields {X, t, A} (jIII.26|) . are of a 
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certain well-known structure in mathematics which is known as Maurer- Cartan structure 
equations j2Dl- The exploitation of this mathematical structure yields a deeper insight into 
the RST subsystem of exchange fields. The Maurer-Cartan forms (T J , say; j = l..dimg) 
are left-invariant 1-forms over a Lie group G with Lie algebra g. Let g be spanned by a 
set {r k } of left-invariant vector fields (k = L.dimg) with structure constants C l j k 

[r J ,r k ] = C l jk r l . (IV.l) 

The Maurer-Cartan forms T J may then be taken as the dual objects of the Lie algebra 
generators r k , i.e. the values of T J upon r k is then given as usual by 

<T j \r k >=5 j k . (IV.2) 

It is possible to equip the Lie algebra g (as a linear vector space) with a metric g, 
the Killing- Cartan form, such that any pair Tj, r k of generators is mapped into a real (or 
complex) number gj k 

9(Tj,T k ) = g jk . (IV.3) 

Such a metric can be realized by means of the adjoint representation of the generators, 
i.e. one puts 

9jk = drm~g ' tr ^ 2t0r ^ ' ^ Tfc )> ^ IV " 4 ) 
where the adjoint representation is given by 

(mrrfi = C k 3l . (IV.5) 

Alternatively one can look upon the metric g as a bijective map from the Lie algebra g 
to its dual space g, in which the Maurer-Cartan forms are living 

9- 0^0 

g- 1 : => g (IV.6) 



i.e. 



g(Tj) = g jk T k (IV.7) 
g-\Ti)=gi k T k 
{9 3k 9ki = • 
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Consequently, one can realize the duality relations (jIV.2|) by means of the Killing-Cartan 
form (jlV.4|) . namely by putting 

< T j \n >= g(g-\T>),T k ) = g 3l g{T U r k ) = g jl g lk = 8 j k . (IV.8) 

In the present context, the point with the Maurer-Cartan forms is now that they obey 
the structure equations 20 

d'P = — - C j ki T k A T l . (IV.9) 

This looks already very similar to the curl relations for the exchange fields X a , E a , A a 
pil.26|) or also for the fields X a , E a , A a f)111.28|) . Thus one may suppose that one could 
generate the desired exchange fields via the Maurer-Cartan forms over suitable Lie groups 
G. This method would then consist in establishing a suitable map from space-time onto 
the group G (x =>- G G) and considering the corresponding pullback of the Maurer- 
Cartan forms from G to space-time. More concretely, let the group element Q corre- 
sponding to the space-time event x be Q( x ), the Maurer-Cartan pullback C appears then 
in terms of as 

c = g ■ dg- 1 = c M dx M , (iv. 10) 

i.e. in components (exploiting the isomorphism of g and its dual q via the metric map 

= E\ Ti = g [x) ■ d^f 1 . (IV.ll) 

On behalf of the structure equations (jIV.9j) the Maurer-Cartan pullback C = E?Tj obeys 
the relation 

dC + CAC = 0, (IV.12) 
or written in the component fields E J = E^dx^ 

dE J = —-C j k iE k A E ; . (IV.13) 

Thus we are left with the problem of finding the right groups G in order to identify 
their Maurer-Cartan pullbacks E J with our former exchange fields, with the corresponding 
curl equations being then satisfied automatically. 
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IV. 1 Exchange Groups 

It should not come as a surprise that the ordinary rotation group SO (3) is the appro- 
priate group for the positive mixtures and similarly the Lorentz group 5*0(1, 2) in (1 + 2) 
dimensions is adequate for the negative mixtures. The reason for this is that the structure 
constants for both groups can be taken as the totally anti-symmetric permutation tensor 
e ijk (e ia3 = +1), cf. (HEU 

[TjM =e l m (IV.14) 
such that the components of the generators become for their adjoint representation (jiV5|) 



{Tjfi = e k 3l . (IV.15) 

The corresponding Killing-Cartan metric (jIV.4j) turns out as the (pseudo-) Euclidean 
case rjjk 



( 



{Vjk} 



\ 



V 



(IV.16) 



1 

a, 
tr„ 
(e K j7 = r] ki e ijh etc.). 

By this arrangement, the comparison of the former curl equations for the exchange 
fields X a , F a , A a ()HI.28|) with the present Maurer-Cartan structure equations (1IV.13J) 
admit the following two identifications 

(IV. 17a) 
(IV. 17b) 
(IV. 17c) 



E(a) 1 


= —2(7, 


E(a) 2 


= T^a 


E(a) 3 


= ±2A a 



Furthermore, one can also compare the structure equations (jiV13|) to the former curl 
equations for the average exchange fields X, f, A pil.26j) which again allows us to identify 
these fields with certain Maurer-Cartan forms E- 7 due to both groups S0(3) and S0(l,2) 
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E 1 = -2ajk (IV.18a) 
E 2 = 21 (IV. 18b) 

E 3 = 2 A . (IV. 18c) 



IV. 2 Euler Angles 



For the subsequent topological discussion a very helpful parametrization of the Maurer- 
Cartan forms (and thus also of the exchange fields) is obtained by specifying the generating 
group element (jlV.lOj) in terms of the "Euler angles" 7j (j, k, I = 1,2,3) |2I] 

£(71,72,73) = £1(71) ' £2(72) • £3(73) ■ (IV.19) 
Here the individual factors Qj^) are chosen as follows: 

G 1M = exp[7i ■ r 3 ] (IV.20a) 
g 2(j2) = exp[ 72 • r 2 ] (IV.20b) 
£3(73) = exp[7 3 ■ r 3 ] , (IV.20c) 

and then the components E J (|IV.13|) of the Maurer-Cartan form C (jlV.lOJ) are immediately 
obtained in terms of the Euler angles 7^, namely for the positive mixtures as follows 
((7* = +1) 

E 1 = sin 7l • CI72 — cos 71 • sin 72 ■ CI73 (IV. 21a) 

E 2 = — sin 71 • sin 72 • CI73 — cos 71 • CI72 (IV.21b) 
E 3 = -d 7 i - cos 72 • <d7 3 , (IV.21c) 

and similarly for the negative mixtures (a* = — 1) 

E 1 = sinh7i • CI72 — cosh7x ■ sinh7 2 • d73 (IV. 22a) 

E 2 = sinh7x ■ sinh7 2 ■ d73 — cosh 71 • d72 (IV.22b) 
E 3 = -d 7 i - cosh 72 • d7 3 . (IV.22c) 
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Observe here that for the negative mixtures (cr* = — 1) there exists a second inequiv- 
alent parametrization by Euler angles in addition to the first parametrization (jlV.20|) . 
namely 

£i (7l ) = exp[7i • r 3 ] (IV. 23a) 

£2(72) = exp[7 2 ■ ri] (IV.23b) 
^ 3 ( 73 ) = exp[7 3 ■ r 3 ] . (IV.23c) 

Due to this latter parametrization the Maurer-Cartan forms for the negative mixtures 
adopt a somewhat different shape, i.e. 

E 1 = — {cosli7i • CI72 — sinh7! • sin 72 ■ CI73} (IV. 24a) 

E 2 = sinh7! ■ CI72 — cosh ji ■ sin 72 • CI73 (IV.24b) 
E 3 = -CI71 - cos 72 ■ <d7 3 . (IV.24c) 

The discussion of the negative mixtures runs quite analogously as for the positive mixtures, 
but since the negative-mixture topology is trivial we restrict ourselves to the positive case 
exclusively. 

The point with the introduction of the Maurer-Cartan forms is now that our exchange 
fields X a , E a , A a can be expressed in terms of the Euler angles Jju) for either particle 
(a = 1,2) and thus the exchange coupling conditions (jIII.14|) - (jIII.15|) can be transcribed 
to the corresponding coupling conditions for the Euler angles 7,(1) (first particle) and 7^2) 
(second particle). This however gives a very simple result as we shall see readily. For 
the positive mixtures (a* = +1) the average exchange fields X, E, A adopt the following 
forms by simply combining the Maurer-Cartan identifications (jiV.18|) with the Euler angle 
parametrization (jlV.21|) 

X = -- E 1 = — - {sin 71 • df 2 - cos 71 • sin 72 • df 3 } (IV.25a) 
1 ~ 1 

E = — - E 2 = - {sin 7x • sin 72 • d7 3 + cos 71 • d7 2 } (IV.25b) 

A = E 3 = -dfi - cos 72 • d7 3 . (IV.25c) 

By use of this result, the single-particle exchange fields X a , E a , A a ()III.27|) look then as 
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follows 



Xi = -- {sin(7! - |) • d7 2 - sin 72 • cos(t~i - ~) • df 3 } (IV.26a) 
Fi = - {cos(7i - |) ■ df 2 + sin 72 • sin(fi - |) • d7 3 } (IV.26b) 



i = -« Mfi - J) + cos 72 ■ <d73} (IV.26 



■c 



= - {cos(7i + |) • d7 2 + sin 72 • sin (71 + |) • df 3 } (IV.26d) 
2 = 2 { sin 72 ■ cos(7i + |) ■ d7 3 - sin(fi + |) • df 2 } (IV.26e) 



A 



^{d(fi + |)+cosf 2 -d7 3 }. (IV.26f) 

On the other hand, these single-particle exchange fields may also be written in terms 
of the single-particle angles ^ju) (jlV.21|) via the Maurer-Cartan identifications (jlV.17|) as 

{(J* = +1) 

1 1 

X a = -- E ( ) = -- {sin7i (a) • d72( a ) - cos7i (a) • sin7 2 ( a ) • d7 3 ( a )} (IV.27a) 
E a = -- E 2 (a) = - {sin7 1(a) • sin7 2(a ) • d7 3(a ) + cos7i (a) ■ d7 2 ( a )} (IV.27b) 
A a = - E 3 (a) = -- {d7i (a) + cos7i (a) ■ d7 3(a) } . (IV.27c) 

Thus, comparing both versions (jIV.26|) and pV.27|) immediatly yields the desired exchange 
coupling conditions upon the Euler angles 7j( a ) (a* = +1) in a very simple form: 

7i(i) = 7i - I (IV.28a) 

7i(2) = \ ~ (7i + \) (IV.28b) 

72(i) = 72 (IV.28c) 

72(2) = 7r - 72 (IV.28d) 

73(i) = 73(2) = 73 • (IV.28e) 

Clearly this coupling of the Euler angles Jjf a ) actually represents a coupling of both group 
elements Q a (x) which necessarily must result also in the corresponding coupling of the 



■2 
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Maurer-Cartan form E J '( ) 



E\ 2 ) = cose • E 2 (i) + sine • E 1 ^) 
E 2 (2) = cose ■ E 1 ^) — sine • E 2 (i) 
E 3 (2) = E 3 (1) + de . 



(IV.29b) 



(IV.29a) 



(IV.29c) 



Summarizing the present results with the Euler angles one encounters a very pleasant 
result; namely the parametrization of the exchange fields X a , E a , A a yields a general form 
of these exchange fields which automatically obeys those relatively complicated exchange 
coupling conditions (jIII.14|) ; and additionally all the curl relations for the exchange fields 
are also obeyed automatically! Furthermore, the Euler angle parametrization provides 
one with a convenient possibility to incorporate certain symmetries into the desired RST 
solutions. For instance, imagine that we want to look for static solutions where all RST 
fields become time- independent, e.g. think of the bound solutions in an attractive po- 
tential. For such a situation one expects that all scalar fields, such as the Euler angles, 
cannot depend upon time t but will exclusively depend on the space position f. Moreover, 
the time-component of the four-vectors X a ^, T afl , A a/i must also be time-independent, e.g. 
we put 



r 



X a (r) ■ t„ 

r (r) • i, . 



(IV.30b) 



(IV.30a) 



All these conditions can easily be satisfied by putting for the Euler angles 



e = e(r) 



(IV.31a) 



7i = 



(IV.31b) 



72 = ■ t (K* =const.) 



(IV.31c) 



73 = const. 



(IV.31d) 
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This then yields the static form of the exchange fields: 





fC rrmVi f^vi -I- — ) • t 

2 uuoli V 11 ' nj h iL 


CIV 32a) 




— - K sinhf-Ti 4- — 1 • i 
2 Ji * 011111 v /I t 


(TV 32b) 


A — 


"2 ^ (71 + 2 } 


('TV QO,^ 


X2fi = 


-- cosh (f a - ~) 


(IV.32d) 


^2fi = 


- sinh(7i - |) • t M 


(IV.32e) 


A 2Ai = 




(IV.32f) 



It was exactly this form of the exchange fields which has been applied for a treatment of 
the bound two-particle states in an attractive Coulomb force field |13j . 

IV. 3 Three- Vector Parametrization 

For the subsequent computation of winding numbers it is very helpful to consider also 
an alternative parametrization of the group elements flIV.20|) . namely the parametriza- 
tion by a "three-vector" j = 1,2,3} 

Q{ x ) = exp[£\ x -)Tj] . (IV.33) 

It is true, expressing the exchange coupling condition in terms of this three-vector £ is 
somewhat cumbersome; but on the other hand the parametrization ()iV.33|) enables one 
to easily recognize the way how the topological quantum numbers come about in RST. 
Therefore it is instructive to consider the three- vector parametrization in some detail. 
The adjoint transformation G — > G 

G( X ) -> G\ X ) = S ■ Q (x) ■ S- 1 (IV.34) 

(SeG) 

acts over the groups G = SO (3) and G = 5*0(1,2) in a somewhat different way. Since 
the three- vector = {£■?'} changes under the transformation (jlV.34J) according to 

e - l" = s^ k e , (iv.35) 
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where the matrix {S^k} is identical to S, the three-vector £* can be rotated into any 
direction in group space for SO (3) but not for SO(l,2). The reason is that the Killing 
metric gjk (jIV.4j) is invariant with respect to these transformations i.e. 

rj jk S :, iS k m = rjim (IV.36) 

and therefore the "length" of the three- vector is preserved 

= etj = Vijee ■ (iv.37) 

This condition does not restrict the possible end configurations of £ for SO (3) but it does 
for SO(l,2). More concretely, since the Killing metric r]jk (IIV.16J) is indefinite for the 
negative mixtures (a* = — 1), the three- vector £* can never cross the "light-cone" £ J £j = 
and thus the adjoint transformation (jIV.34|) leaves invariant two three-dimensional 
subspaces in SO(l,2), namely those which have > and £ J £j < 0. This is the 
reason why one has to resort to two different parametrizations of the exchange fields for 
the negative mixtures. 

In detail, when £* is "time-like" (i.e. > 0) the Maurer-Cartan components E/ s 
(|1V.11|) are found to be of the following form for the positive and negative mixtures 
(ff* = +1) 

p = - u j^ - S in£ ■ $iu j + (cos£ - l)e J ' fc ^W . (IV.38) 

Here, a nearby decomposition of the three-vector £ into a unit vector u (u^Uj = 1) and 
the "length" £ has been used, i.e. 

e = £ ■ u> . (IV.39) 

IV. 4 Change of Parametrization 

When different parametrizations are found to be advantageous for different purposes, 
it becomes necessary to specify the transformations which connect those various forms 
of parametrizations. The three-vector £ parametrizing the group element Q (|IV.33|) can 
be expressed in terms of Q itself in the following way: first extract the "length" £ of the 
three- vector through (a* = +1) 

cos£ = -l + ^tr£ (IV.40) 
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and then find the unit vector u = {u^} (IIV.39|) through 

u % = Uj = tv(G ■ Tj) . (IV.41) 

2 sin 4 

Thus, referring to the Euler parametrization of Q (jiV.19)) - (|iV.20|) . yields the length of the 
three-vector in terms of the Euler angles as (a* = +1) 

cos £ = - 1 cos 72 - 1 + (1 + cos 72) • cos(7i + 73) j (IV.42) 

and then the unit vector u = {u^} is found from (jIV.41|) as (o~* = +1) 

sin 72 
2sin£ 
2 sin 72 



u 1 = . ( sin 73 - sin 71 ) (IV.43a) 
2 sin 4 



u 



2sin£ 



^ cos 71 + cos 73 j (IV.43b) 



3 1 + cos 72 



= 2 sin£ sin (7i + Ts) • (IV.43c) 

The advantage of working with both parametrizations comes now into play when 
we transcribe the exchange coupling condition between both particles from the Euler 
parametrizations (jIV.28|) . where this condition looks very simple, to the three- vector 
parametrizations for which that coupling condition would have never been found directly. 
Thus, for the positive mixtures we obtain the three- vector £ in terms of the average Euler 
angles jj and exchange angle e by combining the present result (|IV.42|) - (jIV.43)) with the 
former coupling conditions (jlV.28|) in order to find for the first particle (cr* = +1) 



cos 



£(1) = ^| cos 72 - 1 + (1 + cos 72) • cos(tl + 73 - |)| (IV.44a) 
-{ sin 73 - sin(7! - J) ) (IV.44b) 

- j cos (71 - |) + cos 73} (IV.44c) 



1 sin 72 

U (l) - 



2sinf ( i) 



2 sin 72 

U (l) - 



2sin£ ( i) 



, 1 + COS72 e. 



u d (i) = — - " sin(7i + fs - 77) (IV.44d) 
2sm£(i) 2 
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and similarly for the second particle 

cos f( 2 ) = ^ j - (1 + cos f 2 ) + (1 - cos 72) • sin(7 3 ~ 7i - |)} (IV.45a) 

■|sin7 3 -cos(7i + |)| (IV.45b) 

■ I cos 73 + sin(7i + |) } (IV.45c) 



1 sin 72 

U (2) 



2 sin f (2) 



2 sin 72 f 

u ( 2 ) - 



2 sin f (2) 



3 1 - cos 72 _ ~ e, 



U(2,= M^f COs( *-^-2»- (IV ' 45d) 
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V Winding Numbers (<r* = +1) 

These results become now relevant for revealing the correlation of the topological 
quantum numbers of both particles where this correlation is a consequence of the exchange 
coupling. First recall that either particle requires its own map Q a ( x ) (a = 1,2) from space- 
time to the exchange group G (i.e. SO (3) or SO(l,2)). However, on behalf of the 
exchange coupling conditions, both group elements Q a {x) become coupled as shown, e.g., 
by the present three- vector parametrizations (jIV.44)) - (jiV.45|) . This coupling of both group 
elements Q a can be viewed in such a way that an "average" group element Q is introduced 
for both particles. This average Q may be parametrized, e.g. by the average three-vector 
£ J = t^-v? and then the individual group elements Q a = Q a (C\ a )) are constructed from the 
average group element G(^) by shifting the average £ J to the individual £ J ( a ) for either 
particle as shown by the present results, e.g. (|lV.44|) - (jlV.45J) for the positive mixtures. 
Clearly this latter map Q =>■ Q a (a = 1, 2) is described by the left action of certain elements 
<S( a ) upon the average group element Q. Thus, any three-cycle C 3 of space-time is first 
mapped into the exchange group SO (3) via Q{x) and thereby generates the "average" 
winding number Z[C 3 } as the number of times how often the exchange group is covered 
when the original C 3 is swept out once. Subsequently, the maps Q — > mediated by 
the elements «S( B ) generate the corresponding winding numbers l( a ) in an analogous way, 
such that ultimately the exchange group becomes covered Z ■ times, yielding the total 
winding numbers Z/ a ) (a = 1,2) as 

Z (a) =Z-l {a) . (V.l) 

On the other hand, one may consider the map from space-time to the exchange group 
G = SO (3) with the first Euler angle 71 being kept constant, however the exchange angle 
e being assumed as the given non-trivial space-time function. This map induces identical 
winding numbers (Z e , say) for both particles, as may be seen from the exchange coupling 
pV.28p . Since the average winding number Z applies for the case when the exchange 
angle e is kept constant, the general situation (jV.lj) is associated with the sum/ difference 
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of both winding numbers Z and Z e , i.e. 

Z {1) = Z ■ f (1) = Z -Z e (V.2a) 

^(2) = Z ■ l {2) = Z + Z e . (V.2b) 

This however says for the "interior" winding numbers h a ) 

f (1) = 1 - f (V-3a) 

r (2) = i + § , (v.3b) 



i.e. the ratio of winding numbers ^ must also be an integer (n, say) 

h . (V.4) 



z 

Ze 

z 



Consequently the winding numbers Z< a \ of both particles (a = 1,2) are correlated in the 
following manner (n = 0, ±1, ±2, ...) 

Z ( i) = (l-n)Z (V.5a) 
Z (2) = (l + n)Z. (V.5b) 

This result says that 6oi/i winding numbers Z^ a \ are either odd or even but are otherwise 
completely unrestricted. 

Subsequently we give a more rigorous treatment of these rather heuristic arguments. 

V.l Invariant Volume 

It should be immediately obvious from the very definition of the Maurer-Cartan form 
C (|1V.10|) that it transforms under the adjoint map when its generating group element Q 
is acted upon by some (constant) element S of the exchange group G 

g^g' = s-g (V.6a) 
C C = S ■ C ■ S- 1 . (V.6b) 

Therefore, referring to the adjoint representation of the exchange group G, it is possible 
to introduce a volume 3-form V over G 

V= -0„tr(C AC AC) (V.7) 
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with some real normalization constant g*. Obviously, this volume form is invariant under 
the left action of S (jV.6J) and thus attributes an invariant volume V to the exchange group 
G if the latter is compact (i.e. for SO (3) but not for SO(l,2)); 

V= I V (V.8) 

J G 

(Haar measure |2T]). 

Decomposing here the pullback C of the Maurer-Cartan form C into its components E- 7 
(|1V.11|) yields for the corresponding pullback V of the volume form V 

V = —g*E j A E k A E ; ■ trfa ■ r k ■ n) = g*e ijk P A E j A E k (V.9) 

which applies to both kinds of mixtures (a* = ±1). 

However, a crucial difference between both types of mixtures becomes now evident 
when expressing the volume form V in terms of the Euler variables jj\ namely, for the 
positive mixtures one finds by referring to their Maurer-Cartan forms (|IV.21|) 

V + = 3! g* sin 7 2 d7i A d7 2 A d7 3 (V.10) 

((J* = +1) 

and similarly for the negative mixtures by use of their Maurer-Cartan forms (jlV.22J) 

V_ = 3! g* sinh7 2 d7i A d7 2 A d73 (V.ll) 
(<r* = -1). 

Obviously the exchange group SO(3) is covered once when the Euler angles sweep out 
their possible range of values < (71, 73) < 2n, < 7 2 < n, so that the invariant volume 
V (TVT81) becomes (cr* = 1) 

PIT /*27T /*27T 

V = Qg, sin 7 2 rf 72 / d 7i / dj 3 = 48^tt 2 , (V.12) 
Jo Jo Jo 

whereas such a definite volume V cannot be attributed to the negative mixtures. 

Concerning the fixing of the normalization constant g*, it is better to refer this to the 
universal covering group SU(2) of SO (3) because this has the same topology as the 3- 
cycle C 3 in space-time over which the pullback of the volume form V has to be integrated 
over for any particle (a = 1, 2) in order to define its winding number Z( a \ 

Z (a) =< V|C 3 >= I V (V.13) 
Jc 3 
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as the number of times to cover 50(3) when C 3 is swept out once. Since for a diffeomor- 
phic map the universal covering group SU(2) is swept out once when its homomorphic 
image 50(3) is covered twice we put g* = (967r 2 ) -1 and thus find for the volume form V 
(jV.lOj) of the positive mixtures (cr* = +1) 

V( a ) = jj^y sin7 2 ( a )d7i(a) A d7 2(a ) A d7 3 ( a ) • (V.14) 

Once the volume forms V of both particles have thus been obtained, it becomes easy to 
verify the preceding guess for the winding numbers Z/ a ) (|V.2J) - (|V.3J) . Indeed, one merely 
has to substitute the exchange coupling conditions (jIV.28|) into those volume forms V( a ) 
f) V . 14|) and then to compute the individual winding numbers Z( ) ()V.13|) . This yields 
immediately 

Z = } <p sin7 2 d7i A df 2 A d73 (V.15a) 
{An) 2 J c3 

Z * = 77-vi 9 sin7 2 (dj) A df 2 A df 3 (V.15b) 
{iiry J C 3 2 

and thus the presumed result ()V.5j) is verified. Here the interior winding numbers Z( a ) 
(jV.lj) are given by 

l { a) = i d ^yl 2, l 3 l ■ sin f 2 dfa A d 7 ~ 2 A df 3 , (V.16) 

where the Jacobian of the interior transformation Q — > Q a multiplies the invariant volume 
element of the exchange group 50(3). 

V.2 Universal Covering group 

Properly speaking, the RST exchange fields do not refer to the exchange group itself 
but rather to its Lie algebra via the corresponding Maurer-Cartan form C fllV.10|) . There- 
fore one can take as the exchange groups also the universal covering groups of 50(3) 
and 50(1,2), namely SU{2) and SU(1, 1), resp. For the compact case, one constructs a 
unit four-vector U a (U a U a = rj a ^U a U^ = 1, r) a p = diag[l, 1, 1, 1]) from the three-vector £ 
(IIV.39|) in the following way: 

U° = cos I (V.17a) 
U j = sin^-u j . (V.17b) 
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This yields the 577(2) group element Q{x) as 

g = u° ■ 1 - iU'tTj (V.18) 

where <7j are the Pauli matrices as ususal. The associated Mauerer-Cartan form C (jlV.lOJ) - 
(jiV.ll|) reads now 

C, = --E\oi (V.19) 

with the Maurer-Cartan forms given by ()1V.38|) . Clearly, for the negative mixtures 
one would introduce the unit four-vector U a through 

U° = cosh | (V.20a) 
U 3 = sinh | • u ] (V.20b) 

and would replace the SU{2) generators Tj(= — ~(Tj) by the corresponding su(l, 1) gener- 
ators in order to find the curresponding Maurer-Cartan forms. 

The pleasant effect with the choice of the universal covering group £77(2) for the 
positive mixtures is now that its nomalized volume form V (|V.9J) 



24vr 2 v ' 96tt 

reads in the three-vector parametrization 



j tr(C AC AC) = -_— ej-wE 3 ' AE'AE' (V.21) 



V = sin 2 |dC A {~e jkl ui(du k ) A (dtt')} , (V.22) 

or even more concisely in the four-vector parametrization 

V = ^e a p, l5 U a ^U p ) A (dW) A (dU 5 ) . (V.23) 

Obviously this is just the volume form over the 3-sphere S 3 , parametrized by the unit 
four-vector U a (jV.17j) and divided by the invariant volume V = 2n 2 f|V.8|) of the com- 
pact exchange group 577(2). As a consequence we actually arrived at our original goal of 
obtaining integer winding numbers Z( a ) ()V.13|) for any particle a = 1,2, namely by speci- 
fying two group elements Qi a ) of the SU (2) form (|V.18|) parametrized by two four-vectors 
{U( a ) a ) which however must be subjected to the exchange coupling condition. Thus we do 
now have at hand not only a group theoretical method of generating consistent pairs of 
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exchange fields {X afl , T afl , A afl } for our two-particle system but simultaneously we gained 
a method of classifying the corresponding two-particle solutions by an (even or odd) pair 
of topological quantum numbers. 

V.3 Kinematics of Exchange Coupling 

The transition to the universal covering groups does not only yield some further 
insight into the topology of the mixture configurations but it helps also to get a concrete 
geometric picture of the exchange coupling condition. This comes about by looking for the 
exchange constraints between both four- vectors U a (i) and U a (2)i as the group parameters 
for the exchange group elements Q(i) and Q( 2 ) for either particle, cf. (|V.18[) . In other 
words, we have to transcribe the former exchange coupling condition between the Euler 
angles (jIV.28|) to the present four- vectors U a ( a ) (jV.17|) . a = 1,2. Clearly, this goal can 
be achieved by eliminating the average Euler angles 71, 72, 73 from the three- vector 
parametrizations (jlV.44j) - (jlV.45|) . 

The point of departure is here again a convenient reparametrization of the four- vector 
components U a ( a ) so that the exchange coupling condition adopts a very simple shape 
when expressed in these new parameters. The key point is here a (2 + 2)-splitting of the 
group space, i.e. we put for either particle (a = 1,2) 

(U m ) 2 = {U\ a) f + (U\ a) y (V.24a) 
(U Ma) ) 2 = (U\ a) y + (U\ a) Y (V.24b) 

and thus consider the projections of the four-vectors U a ( a ) into the (l,2)-plane and the 
(0, 3)-plane. Now for these projections one easily finds from the three- vector parametriza- 
tion (|IV.44|) - (jIV.45|) the following cross relations 

(U M1) ) 2 = {U m f = cos 2 (|) (V.25a) 
(U m f = {U m f = sin 2 (|) . (V.25b) 

This means that when the projection of U a ^ into the (0,3)-plane is maximal, the cor- 
responding projection of U a ( 2 ) is minimal and vice versa. Such an effect suggests to 
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parametrize those projections in the following way (first particle, a = 1) 

U° (1) = cos(^) -cosCd) ( V - 26a ) 

Z7 3 (1) = cos(!)-sinC ( i) ( V - 26b ) 

U\ 1} =sin(^|) .cost/ (1) (V.26c) 

/7 2 (1) =sin(|) -sin^) , (V.26d) 

and similarly for the second particle (a = 2) 

[/° {2) = sin(^)-cosC( 2) (V.27a) 

f/ 3 (2) =sin(|) -sin^) (V.27b) 

t/' 1 (2) = COS (y) • COS?7(2) (V.27c) 

= cos (^) - sin ^ . (V.27d) 



U 2 



Thus the remaining task is to reveal the exchange coupling condition upon the angles C(a) 
and 77( a ) in the corresponding two-planes. 

In the next step, the remaining two Euler angles 71 and 73 are expressed by the 
four- vector components U a ( a ) in the following way 

sin (71 + 73 - |) = 2 U }'} ' ^ 2 (1) = sin(2C (1) ) (V.28b) 

From here one recognizes immediately that the angles £(a) in the (0, 3)-plane are linked 
to the Euler angles 71, 73 as follows 

2C(i) = 7i + 73 - \ (V.29a) 
2C(2) = |-7i + 7s-|- (V.29b) 



sin 



cos 
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Finally, the last step consists in eliminating one of the Euler angles 71 or 73 from the 
first and second components U 1 ^, ^ 2 (a) of both particles. Thus, eliminating ji yields by 
use of ()V.29|) the following two equations 

C(i) = V(i) + 7a - g (V.30a) 

C(2) = -^+^(2)+73, (V.30b) 

and, similarly, eliminating 73 yields 

C(i) = 7i - V(i) + \ (V.31a) 
C(2) = -7i - V(2) ~ I - 7r . (V.31b) 

Clearly, both sets of equations (jV.30|) and (jV.31|) must be consistent when the former 
relationships are to be respected, which provides us with the final form of exchange 
coupling: 

C(2) = Y~ V{1) ~ \ (V.32a) 
V(2) = -C(i) - \ - \ ■ (V.32b) 

This pleasant result allows us now to explicitly construct pairs of exchange fields which 
obey both the required curl relations and the exchange coupling conditions! Obviously we 
simply can choose one of both four- vectors U a ( x ) over space time, say t^ a (i), and then the 
second four- vector U a ( 2 ) is immediately given by equations (jV.27|) together with (jV.32|) . 
Clearly the passage from the chosen U a ^ to the second vector U a ^) is still parametrized 
by the exchange angle e which however can also be chosen arbitrarily! This may be seen 
more explicitly by recasting the transition from the first particle (jV.26|) to the second 
particle (|V.27|) into the form of an 5*0(4) rotation 

£/ a (2) = (V.33) 
Here the rotation matrix S a j3(e) is given by two 0(2) elements TZ through 




S a p= I , _ I (V.34) 
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with the 0(2) element 1Z being given by 



cos a -sina 
- sin a — cos a 
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VI Example: Stereographic Projection 



As the simplest demonstration of the present results, one may put to zero the exchange 

o 

angle e which then turns the 5*0(4) matrix S (IV.33|) - (jV.35|) into a constant matrix S 



S 



Tlf^ 



4 , 



V 



Kt sn\ 



(VI.l) 



For such a situation, both winding numbers Z( a ) ()V.13|) must necessarily coincide with 
the average winding number Z because the winding number Z € (|V.15b ) is trivially zero. 
The coincidence of Z( a ) and Z may also be seen from the four-vector version ()V.23j) of 

o 

the volume three- forms V( a ) since the constant 5*0(4) element S escapes the exterior 
differentiation and just reproduces the 50(4) invariant permutation tensor 

e^x, = (det S) ■ S\ ■ & v ■ S\ ■ S 5 a ■ e a ^ s . (VI.2) 

o o 

Clearly det S = +1 because S is an element of the proper rotation group. 

VI.l Stereographic Projection 

Thus we are left with the problem of determining some differentiable four-vector 
field U a {\) over space-time from which the second four- vector U a ^) can then be simply 

o 

i ' i > i ;c[ ( i i by means of the 50(4) rotation S (jVl.lj) . cf. ()V.33|) . Here, it is well-known 
that Euclidean 3-space (as a time slice of space-time x° = const.) can be compactified 
to the 3-sphere 5 3 by stereographic projection j20]. This procedure yields the following 
differentiable four- vector field U a ^ over E 3 : 



P% = ^ (VI3a) 



X; 



111^ = 2^^—. (VI.3b) 



This immediately yields for the average Euler angle 72 (jV.26|) 



. ,7 2 x 2arsin^ 

8111 ("2 ) = (VL4) 



where spherical polar coordinates (r, 9, 0) have been used in place of the Cartesian 
parameters Hence for spatial infinity (r = 00) the four-vector U a ^ points to the 
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north pole of S 3 (72 = 0), and for the origin (r = 0) of E 3 to the south pole (72 = 7r), see 
fig. 2. 

Once the first four- vector U a (i) has been fixed now, the corresponding second four- 
vector t/ a (2) can be constructed in a straight-forward manner by means of the SO (A) 
rotation process 

2arsinfl , 3tt, 
^ ( 2 ) = Q 2 + r 2 cos - -J) ( VL5a ) 

, 2arsin# , 3ns , 

u z m = -^-r^-^) (vi-5b) 

rri 1 r2 - ^ - 2arcos# 

^ 00 = ^ ^ (VI-5c) 



1 r 2 - a 2 + 2arcos(y ,<m - 

^' = -71 ^ — ■ < VIM > 



Observe here that the second four- vector U a ^) (|V1.5|) cannot be made identical to the first 
one (|V1.3|) . because the exchange coupling condition always requires a non-trivial 

SO (A) rotation S (Ej ! 

VI. 2 Winding Numbers 

Since for the present exchange configuration both winding numbers coincide with the 
average winding number Z(= Zm = Z^))), it may be sufficient here to consider only the 
first number Zq). The corresponding volume three-form Vm (IV. 22 J) reads 

V(i) = (^p sin2 %^(D A {^^'(i)^(i) A ^d)} (VI-6) 
where the three- vector length is obtained from the four- vector ()V.17|) through 

sin 2 ^ = ^ (1) ^. (1) = l-(f/° (1 )) 2 - (VI.7) 

Thus, when the four-vector U a ^ is generated by stereographic projection as shown by 
equations (|VI.3J) . one finds for £(i) 



sin^ = ^- (VI.8a) 

2 a 2 + r 2 K J 

-^ = ^4. (VL8b) 
2 or + r 2 
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i.e. we put = 2-k for r = and = for r = oo. Furthermore, the unit three- 
vector v?t\\ simply becomes the normalized position vector of the Euclidean three-plane 
(x° = const.) 



j 



u\ l} = — =x s . (VI.9) 
Consequently, the general volume form: V(i) flVI.6jl becomes specialized here to 

V (1) = - (-Y - q3 — r 2 dr A (sin 6> d# A #) (VI.IO) 
\7T/ (a 2 + r 2 )' 3 

and obviously contains as its angular part the volume two- form over the sphere S 2 . The 
integrations can therefore be done in a straightforward way and yield the expected result 
for the winding number (= Z( 2 )) 

/9\2 r°° r 2 (] r r r 2w 

z "» = -(;) ^Lw^'L^L 11 ^- 1 ■ (vui) 

Clearly the Euclidean 3-space E 3 is wound up to the 3-sphere S 3 just once by the stereo- 
graphic projection, whereby spatial infinity (r = oo) is mapped to the north pole (which 
reverses the conventional orientation and gives a minus sign for the winding number). 

VI. 3 Exchange Fields 

Once the generating group elements Q a of the SU(2) form (jV.18|) have been deter- 
mined with the corresponding four- vector parametrizations U a ^ being displayed through 
equations (jV1.3|) and (jV1.5|) . it is an easy matter to compute the associated Maurer-Cartan 
forms P( a )- Here it is convenient to resort to the three- vector parametrization (|IV.38|) of 
the Maurer-Cartan forms where the length £h\ of the first three- vector £m ()IV.39|) has 
been specified through equations (|V1.8|) and the unit three- vector ^ is given by (|V1.9|) . 
With these prerequisites the Maurer-Cartan forms for the first particle are found to be of 
the following form 

An rr^ O^V 2 

P (D = ^2—2^^ ~ 4ar dx J - 8 . f j kl x k <dx l . (VI.12) 

a 1 + r l [a 1 + r 1 ) 1 (cr + r 1 ) 1 

Concerning the Maurer-Cartan forms of the second particle P(2), one can refer to 
their link (jIV.29j) to the first particle's expressions E J (i) with the present specialization of 
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putting the exchange angle to zero. This immediately yields for the second particle 



E 1 ( 2 ) = E 2 ( i) 


(VI. 13a) 


E 2 ( 2 ) = EV) 


(VI. 13b) 


E 3 ( 2 ) = -E 3 ( i) , 


(VI. 13c) 



or explicitly 

E X ( 2 ) = -2X 2 = fl2 ^ 2 A 2 dr - 4ar ," 2 | ^ 2A2 dx 2 - 8 ^ 2 " ' ^ 2 [x^x 1 - x^x 3 } ( VI. I la) 
E 2 (2) = -2E 2 = -^i; 1 dr-4ar 



ar + r z 
_ 4a 

'(2) 



a 2 — r 2 


dx 2 £ 


^ a 2 r 2 




[i^dx 1 


(a 2 + r 2 ) 2 


(a 2 + r 2 


) 2 


a 2 — r 2 


dx 1 — £ 


a 2 r 2 




[x 2 dx 3 


(a 2 + r 2 ) 2 


(a 2 + r 2 " 


) 2 


2 2 

a — r z 


dx 3 + 8 


a 2 r 2 




[x x dx 2 


(a 2 + r 2 ) 2 


'(a 2 + r 2 ) 


i 2 



E 3 ( 2 ) = 2A 2 = — t, ^x 3 dr + Aar— — dx d + 8 — ' ^J x L <dx z - x^dx 1 

a 2 + r 2 



(VI. 14c) 

Observe here that for the third form E 3 ( a ) = 2A( a ) (jVI.13b ) we have on account of the 
constancy of the exchange angle e the relationship 

Ai = -A 2 (VI. 15) 

which of course just meets with the former derivative of e (fill. 18b ) for vanishing e. Fur- 
thermore one can show that for vanishing e the mixture variable (3 must also vanish and 
therefore the exchange coupling (|III.14|) says: 

= T 2M (VI.16a) 
X 2ll = Y^ (VI. 16b) 

which is nothing else than the above result (jVI.13|) . 

VI. 4 Single-Particle Fields 

In Sect. Ill it has been made clear that the total set of RST variables can be 

o 

subdivided into the subset of single-particle fields {L a , K a /i} and exchange fields {X afl , 
r aA t, A aAt } such that both sets become coupled through the specific nature of the RST 
dynamics. Now that the exchange fields have been determined by hand in order to clearly 
display their topological features, one can face the problem of determining the dynamically 
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associated single-particle fields {L a , K a ^} by solving the single-particle dynamics on the 
background of the given exchange fields. However, since the RST field equations constitute 
a very complicated dynamical system, one cannot hope to attain here an exact solution 
where the single-particle fields would be of a comparably simple form as the present 
exchange fields (jVI.12|) or (jVI.14|) . Rather, we will be satisfied with convincing ourselves 
of the consistency of the RST dynamics so that one can be sure that the desired single- 
particle solution, to be associated to our construction of the exchange field system, does 
exist in principle. 

o 

First, consider the dynamical equations for the kinetic fields Kan which must consist 
of a source equation and of a curl equation in order to fix these vector fields, apart from 
certain boundary conditions. The source equations consist of both equations (jIII.24a ). 
where however the coupling conditions ()VI.15|) - (jVI.16|) are to be taken into account: 

V^i M + 2Li^i M = -2X^(L lAt - L 2fl ) - 2A 1 ^ (VI.17a) 
V%„ + 21/^ = 2iy(L lM - L 2/ J + 2A/Ki„ • (VI.17b) 

Furthermore, the curl equations for the kinetic fields have already been specified by equa- 
tions (jIII.21a|) where the gauge fields F afiV emerging there couple back to the RST currents 
jaix pil.23|) via the Maxwell equations (jII.16|) . i.e. for the present two-particle situation 

V^ = 47ra^. (VI. 18) 

Observe here that the RST currents j a ^ themselves are to be constructed by means of the 
single-particle and exchange fields according to 

ja„ = -^LaiLn + X afl } . (VI.19) 

Evidently even if the exchange fields X a ^, T afJi , A afJi are known (e.g. by our procedure 
of stereographic projection (jVI.12|) - (jVI.14|) ). the kinetic fields still couple through their 
sources (jVI.17|) to the unknown amplitude fields L a . Therefore the single-particle dynam- 
ics must be closed by specifying the field equations for the amplitudes L a which are of 
course given by the wave equations (jIII.21cj) where the known exchange fields have to be 
inserted: 



Mc 



2 



o o 



□ L a + L a <j [— -Ka, t 0</-20<^X/j = a,L a {r a/ ,r/+A aAt A/+a,X aM X/} . (VI.20) 
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The right-hand side may be interpreted as the effect of an "exchange potential" Y a 

Y a = r aM r/ + A aAt A/ + o^x/ . (VI.21) 

where however both potentials are identical (Y% = Y 2 ) because of the general quadratic ex- 
change coupling (jIII.19|) . There is no doubt that the present single-particle dynamics will 
admit non-trivial solutions which are however too difficult to be constructed analytically 
(for constructing approximate static solutions see ref. [T3j). 

References 

[1] N. S. Craigie, P. Goddard, and W. Nahm, Monopoles in Quantum Field Theory, 
World Scientific, Singapore (1982) 

[2] D. S. Feed, and K. U. Uhlenbeck, Instantons and Four- Manifolds, Springer (1984) 

[3] S. K. Donaldson, and P. B. Kronheimer, The Geometry of Four-Manifolds, Oxford 
University Press (1990) 

[4] E. Witten, Comm. Math. Phys. 121, 351 (1989) 

[5] M. Atiyah, The Geometry and Physics of Knots, Cambridge University Press (1990) 
[6] V. F. R. Jones, Bull. Amer. Math. Soc. 12, 103 (1985) 
[7] M. Sorg, J. Phys. A 30, 5317 (1997) 

[8] M. Mattes, S. Rupp, and M. Sorg, Can J. Phys, 79, 879 (2001) 

[9] S. Rupp and M. Sorg, Phys. Rev. A 63 022112 (2001) 
[10] F. Gross, Phys. Rev. C 26, 2203 (1982) 
[11] M. Mattes and M. Sorg, Journ. Math. Phys. 40, 71 (1999) 
[12] J. M. Leinaas and J. Myrheim, Nuov. Cim. B 37, 1 (1977) 

[13] S. Rupp and M. Sorg, Exchange Interactions and Mass Eigenvalues of Relativistic 
Two-Particle Quantum Mixtures, appearing in Nuov Cim. B 

46 



[14] M. Mattes and M. Sorg, Nuov. Cim. B 114, 815 (1999) 

[15] S. Rupp, T. Sigg and M. Sorg, Int. Journ. Theor. Phys. 39, 1543 (2000) 

[16] U. Ochs and M. Sorg, Gen. Rel. Grav. 28, 1177 (1996) 

[17] T. Sigg and M. Sorg, Gen. Rel. Grav. 29, 1557 (1997) 

[18] S. Hunzinger, M. Mattes, and M. Sorg, Geometry and Topology of Relativistic Two- 
Particle Quantum Mixtures, Preprint (2001) 

[19] L. E. Ballentine, Quantum Mechanics. A Modern Developement, World Scientific 
(1998), p. 474 

[20] M. Gockeler and T. Schiicker, Differential Geometry, Gauge Theories, and Gravity, 
Cambridge University Press (1987) 

[21] Y. Choquet-Bruhat, C. DeWitt-Morette, and M. Dillard-Bleick, Analysis, Manifolds 
and Physics, North-Holland (1982) 



47 




Figure 1: The relativistic von Neumann equation (|II.2J) subdivides the density configura- 
tion space into three subsets: the pure states occupy the Fierz cone (Ap = 0), positive 
mixtures (Ap > 0) are geometrically represented by the two-parted hyperboloid and the 
negative mixtures (Ap < 0) by the one-parted hyperboloid. The mixtures approach the 
pure states for Ap —>■ 0. The general RST dynamics forbids a change of the mixture type, 
cf. fllll.lOj) . The positive (negative) mixtures may be considered as the RST counterparts 
of the symmetric and anti-symmetric states of the conventional quantum theory. 
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Figure 2: Stereographic projection. Any point of Euclidean 3-space E 3 is mapped onto 
the three sphere S 3 {x°) 2 + x^Xj = 1 by projection from the north pole N {x° = a; x^ = 0}. 
This compactifies E$ by identifying three-infinity (r = oo) with the north pole N of S 3 , 
whereas the origin (r = 0) of E 3 is mapped into the south pole S. 
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